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hat is number sense? We all know
W number sense when we see it but, if

asked to define what it is and what it
consists of, most of us, including the teachers
among us, would have a much more difficult
time. Yet this is precisely what we need to know
to teach number sense effectively. Consider the
answers three kindergarten children provide
when asked the following question from the
Number Knowledge Test (Griffin & Case, 1997):
Which is bigger: seven or nine?”

<

. Brie responds quickly, saying “Nine.”
When asked how she figured it out, ‘sh‘e "
says, “Well, you g0, ‘seven’ (paus:.e) eight’,
‘nine’ (putting up two fingers while s'a\ymg
the last two numbers). That m.e:cms.nme i
has two more than seven. So it’s bigger.

Leah says, hesitantly, “Nine?” When
asked how she figured it out, she says,
«Because nine’s a big number.

Caitlin looks genuinely pe:rplexgd, as if
the question was not a sensible thing to

ask, and says, “I don’t know.”

Kindergarten teachers will immediately
recognize that Brie’s answer provides evidence
of a well-developed number sense for this age
level and Leah’s answer, a more fragile and
less-developed number sense. The knowledge
that lies behind this “sense” may be much less
apparent. What knowledge does Brie have that
enables her to come up with the answer in the
first place and to demonstrate good number
sense in the process?
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Research conducted with the Number

Knowledge Test and several other
cognitive developmental measures (see Griffin,
2002; Griffin & Case, 1997 for a summary of
this research) suggests that the following
understandings lie at the heart of the number
sense that 5-year-olds like Brie are able to
demonstrate on this problem. They know (a) that
numbers indicate quantity and therefore, that
numbers, themselves, have magnitude; (b) that
the word “bigger” or “more” is sensible in this
context; (c) that the numbers 7 and 9, like
every other number from 1 to 10, occupy fixed
positions in the counting sequence; (d) that 7
comes before 9 when you are counting up; (e)
that numbers that come later in the sequence—
that are higher up— indicate larger quantities
and therefore, that 9 is bigger (or more) than 7.

Brie provided evidence of an additional
component of number sense in the explanation
she provided for her answer. By using the
Count-On strategy to show that nine comes
two numbers after seven and by suggesting
that this means “it has two more than seven,”
Brie demonstrated that she also knows (f) that
each counting number up in the sequence
corresponds precisely to an increase of one unit
in the size of a set. This understanding, possibly
more than any of the others listed above, enables
children to use the counting numbers alone,
without the need for real objects, to solve
quantitative problems involving the joining of
two sets. In so doing, it transforms mathematics
from something that can only be done out there
(e.g., by manipulating real objects) to something
that can be done in their own heads, and under
their own control.

This set of understandings, the core of number
sense, forms a knowledge network that Case and
Griffin (1990), see also Griffin and Case (1997),
have called a central conceptual structure for

1 Knowledge that underlies number sense



number. Research conducted by these investigators
has shown that this structure is central in at
least two ways (see Griffin, Case, & Siegler, 1994).
First, it enables children to make sense of a broad
range of quantitative problems across contexts
and to answer questions, for example, about two
times on a clock (Which is longer?), two positions
on a path (Which is farther?), and two sets of
coins (Which is worth more?). Second, it provides
the foundation on which children’s learning of
more complex number concepts, such as those
involving double-digit numbers, is built. For

this reason, this network of knowledge is an
important set of understandings that should be
taught in the preschool years, to all children who
do not spontaneously acquire them.

Number Worlds, a mathematics program for

young children (formerly called Rightstart),
was specifically developed to teach this
knowledge and to provide a test for the cognitive
developmental theory (i.e., Central Conceptual
Structure theory; see Case & Griffin, 1990) on
which the program was based. Originally
developed for kindergarten, the program (see
Griffin & Case, 1995) was expanded to teach a
broader range of understandings when research
findings provided strong evidence that
(a) children who were exposed to the program
acquired the knowledge it was designed to teach
(i-e., the central conceptual structure for number),
and (b) the theoretical postulates on which the
program was based were valid (see Griffin &
Case, 1996; Griffin, Case, & Capodilupo, 1995;
Griffin et al., 1994). Programs for grades one and
two were developed to teach the more complex
central conceptual structures that underlie base-
ten understandings (see Griffin, 1997, 1998) and a
program for preschool was developed (see Griffin,
2000) to teach the “precursor” understandings
that lay the foundation for the development of
the central conceptual structure for number.

Because the four levels of the program are

based on a well-developed theory of cognitive
development, they provided a finely graded
sequence of activities (and associated knowledge
objectives) that recapitulates the natural
developmental progression for the age range of
3-9 years and that allows each child to enter the
program at a point that is appropriate for his or
her own development, and to progress through
the program to teach 20 or more children at any
one time and every effort has been made, in the
construction of the Number Worlds program,
to make it as easy as possible for teachers to
accommodate the developmental needs of
individual children (or groups of children) in their

2 How can this knowledge be taught?

classroom. Five instructional principles that lie
at the heart of the program are described below
and are used to illustrate several features of the
program that have already been mentioned and
several that have not yet been introduced.

2.1 Principle 1: Build upon children’s current knowledge

Each new idea that is presented to children must
connect to their existing knowledge if it is going
to make any sense at all. Children must also

be allowed to use their existing knowledge to
construct new knowledge that is within reach—
that is one step beyond where they are now—
and a set of bridging contexts and other
instructional supports should be in place to
enable them to do so.

In the examples of children’s thinking
presented earlier, three different levels of
knowledge are apparent. Brie appears to have
acquired the knowledge network that underlies
number sense and to be ready, therefore, to move
on to the next developmental level: to connect
this set of understandings to the written
numerals (i.e., the formal symbols) associated
with each counting word. Leah appears to have
some understanding of some of the components
of this network (i.e., that number have magnitude)
and to be ready to use this understanding as a
base to acquire the remaining understandings
(e.g., that a number’s magnitude and it’s position
in the counting sequence are directly related).
Caitlin demonstrated little understanding of any
element of this knowledge network and she might
benefit, therefore, from exposure to activities that
will help her acquire the “precursor” knowledge
needed to build this network, namely knowledge
of counting (e.g., the one-to-one correspondence
rule) and knowledge of quantity (e.g., an intuitive
understanding of relative amount). Although
all three children are in kindergarten, each
child appears to be at a different point in the
developmental trajectory and to require a
different set of learning opportunities; ones
that will enable each child to use her existing
knowledge to construct new knowledge at the
next level up.

To meet these individual needs, teachers need
(a) a way to assess children’s current knowledge,
(b) activities that are multi-leveled so children
with different entering knowledge can all benefit
from exposure to them, and (c) activities that
are carefully sequenced and that span several
developmental levels so children with different
entering knowledge can be exposed to activities
that are appropriate for their level of
understanding. These are all available in the
Number Worlds program and are illustrated
in various sections of this paper.
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2.2 Principle 2: Follow the natural developmental
progression when selecting new knowledge to be taught

Researchers who have investigated the manner
in which children construct number knowledge
between the ages of 3 and 9 years have identified
a common progression that most, if not all,
children follow (see Griffin, 2002; Griffin and
Case, 1997 for a summary of this research). As
suggested earlier, by the age of 4 years, most
children have constructed two “precursor”
knowledge networks—knowledge of counting
and knowledge of quantity—that are separate in
this stage and that provide the base for the next
developmental stage. Sometime in kindergarten,
children become able to integrate these
knowledge networks—to connect the world of
counting numbers to the world of quantity—
and to construct the central conceptual
understandings that were described earlier.
Around the age of 6 or 7 years, children connect
this integrated knowledge network to the world
of formal symbols and, by the age of 8 or 9 years,
most children become capable of expanding
this knowledge network to deal with double-
digit numbers and the base-ten system. A
mathematics program that provides opportunities
for children to use their current knowledge to
construct new knowledge that is a natural
next step, and that fits their spontaneous
development, will have the best chance of
helping children make maximum progress in
their mathematics learning and development.
Because there are limits in development on
the complexity of information children can
handle at any particular age/stage (see Case,
1992), it makes no sense to attempt to speed
up the developmental process by accelerating
children through the curriculum. However, for
children who are at an age when they should
have acquired the developmental milestones
but for some reason haven'’t, exposure to
a curriculum that will give them ample
opportunities to do so makes tremendous sense.
It will enable them to catch up to their peers and
thus, to benefit from the formal mathematics
instruction that is provided in school. Children
who are developing normally also benefit from
opportunities to broaden and deepen the
knowledge networks they are constructing,
to strengthen these understandings, and to
use them in a variety of contexts.

2.3 Principle 3: Teach computational fluency as well as
conceptual understanding

Because computational fluency and conceptual
understanding have been found to go hand in
hand in children’s mathematical development
(see Griffin, 2003; Griffin et al., 1994),
opportunities to acquire computational fluency,
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as well as conceptual understanding, are built
into every Number Worlds activity. This is nicely
illustrated in the following activities, drawn from
different levels of the program.

In The Mouse and the Cookie Jar Game
(created for the preschool program and
designed to give 3- to 4-year-olds an intuitive
understanding of subtraction), children are given
a certain number of counting chips (with each
child receiving the same number but a different
color) and told to pretend their chips are cookies.
They are asked to count their cookies and,
making sure they remember how many they
have and what their color is, to deposit them
in the cookie jar for safe keeping. While the
children sleep, a little mouse comes along and
takes one (or two) cookies from the jar. The
problem that is then posed to the children is
“How can we figure out whose cookie(s) the
mouse took?”

Although children quickly learn that emptying
the jar and counting the set of cookies that bears
their own color is a useful strategy to use to
solve this problem, it takes considerably longer
for many children to realize that, if they now
have four cookies (and originally had five), it
means that they have one fewer and the mouse
has probably taken one of their cookies. Children
explore this problem by counting and recounting
the remaining sets, comparing them to each
other (e.g., by aligning them) to see who has the
most or least, and ultimately coming up with a
prediction. When a prediction is made, children
search the mouse’s hole to see whose cookie had
been taken and to verify or revise their prediction.
As well as providing opportunities to perfect
their counting skills, this activity gives children
concrete opportunities to experience simple
quantity transformations and to discover how
the counting numbers can be used to predict
and explain differences in amount.

The Dragon Quest Game that was developed
for the Grade 1 program teaches a much more
sophisticated set of understandings. Children are
introduced to Phase 1 activity by being told a
story about a fire-breathing dragon that has been
terrorizing the village where children live. The
children playing the game are heroes who have
been chosen to seek out the dragon and put out
his fire. To extinguish this dragon’s fire (as
opposed to the other, more powerful dragons
they will encounter in later phases) a hero will
need at least 10 pails of water. If a hero enters
into the dragon’s area with less than 10 pails
of water, he or she will become the dragon’s
prisoner and can only be rescued by one of the
other players.

To play the game, children take turns rolling
a die and moving their playing piece along the



colored game board. If they land on a well pile
(indicated by a star), they can pick a card from
the face-down deck of cards, which illustrate,
with images and symbols (e.g., +4) a certain
number of pails of water. Children are encouraged
to add up their pails of water as they receive
them and they are allowed to use a variety of
strategies to do so, ranging from mental math
(which is encouraged) to the use of tokens to
keep track of the quantity accumulated. The first
child to reach the dragon’s lair with at least 10
pails of water can put out the dragon’s fire and
free any teammates who have become prisoners.
As children play this game and talk about
their progress, they have ample opportunity to
connect numbers to several different quantity
representations (e.g., dot patterns on the die;
distance of their pawn along the path; sets of
buckets illustrated on the cards; written
numerals also provided on the cards) and to
acquire an appreciation of numerical magnitude
across these contexts. With repeated play, they
also become capable of performing a series of
successive addition operations in their heads and
of expanding the well pile. When they are
required to submit formal proof to the mayor
of the village that they have amassed sufficient
pails of water to put out the dragon’s fire before
they are allowed to do so, they become capable
of writing a series of formal expressions to
record the number of pails received and spilled
over the course of the game. In contexts such
as these children receive ample opportunity to
use the formal symbol system in increasingly
efficient ways to make sense of quantitative
problems they encounter in the course of their
own activity.

2.5 Principle 5: Expose children to the major ways number is
represented and talked about in developed societies

2.4 Principle 4: provide plenty of opportunity for hands-on
exploration, problem-solving, and communication
Like the Dragon Quest Game that was just
described, many of the activities created for the
Number Worlds program are set in a game format
that provides plenty of opportunity for hands-on
exploration of number concepts, for problem-
solving and for communication. Communication
is explicitly encouraged in a set of question
prompts that are included with each small group
game (e.g., How far are you now? How many
more buckets do you need to put out the
dragon’s fire? How do you know?) as well as in a
more general set of dialogue prompts that are
included in the teacher’s guide. Opportunities for
children to discuss what they learned during
game play each day, to share their knowledge
with their peers, and to make their reasoning
explicit are also provided in a Wrap-Up session
that is included at the end of each math lesson.
Finally, in the whole group games and
activities that were developed for the Warm-Up
portion of each math lesson, children are given
ample opportunity to count (e.g., up from 1 and
down from 10) and to solve mental math
problems, in a variety of contexts. In addition
to developing computational fluency, these
activities expose children to the language of
mathematics and give them practice using it.
Although this is valuable for all children, it is
especially useful for ESL children, who may know
how to count in their native language but not yet
in English. Allowing children to take turns in
these activities and to perform individually gives
teachers opportunities to assess each child’s
current level of functioning, important for
instructional planning, and gives children
opportunities to learn from each other.

Representation for Numbers in Different Lands
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Number is represented in our culture in five major
ways: as a group of objects, a dot-set pattern, a
position on a line, a position on a scale (e.g., a
thermometer), and a point on a dial. In each of
these contexts, number is also talked about in
different ways, with a larger number (and
quantity) described as “more” in the world of
dot-sets, as “further along” in the world of paths
and lines, as “higher up” in the world of scale
measures, and as “further around” in the world of
dials. Children who are familiar with these forms
of representation and the language used to talk
about number in these contexts have a much
easier time making sense of the number problems
they encounter inside and outside of school.

In the Number Worlds program, children are
systematically exposed to these forms of
representations as they explore five different
“lands.” Learning activities developed for each
land share a particular form of number
representation while they simultaneously
address specific knowledge goals for each grade
level. Many of the games, like Dragon Quest, also
expose children to multiple representations of
number in one activity so children can gradually
come to see the ways they are equivalent.

Discussion
3 Children who have been exposed to the

Number Worlds program do very well on
number questions like the one presented in the
introduction and on the Number Knowledge Test
(Griffin & Case, 1997) from which this question
was drawn. In several evaluation studies
conducted with children from low-income
communities, children who received the Number
Worlds program made significant gains in
conceptual knowledge of number and in number
sense, when compared to matched-control
groups who received readiness training of a
different sort. These gains enabled them to start
their formal schooling in grade one on an equal
footing with their more advantaged peers, to
perform as well as groups of children from China
and Japan on a computation test administered at
the end of grade one, and to keep pace with their
more advantaged peers (and even outperform
them on some measures) as they progressed
through the first few years of formal schooling
(Griffin & Case, 1997).

Teachers also report positive gains from using
the Number Worlds program and from exposure to
the instructional principles on which it is based.
Although all teachers acknowledge that
implementing the program and putting the
principles into action is not an easy task, many
claim that their teaching of all subjects has been
transformed in the process. They now facilitate
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discussion rather than dominating it; they pay
much more attention to what children say and
do; and they now allow children to take more
responsibility for their own learning, with
positive and surprising results. Above all, they
now look forward to teaching math and they
and their students are eager to do more of it.

Griffin, S. “Building Number Sense with Number Worlds:
A mathematics program for young children.” In Early
Childhood Research Quarterly 19 (2004) 173-180. Elsevier.
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